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Abstract: 
A shock-enhanced mixing in a transverse hydrogen injection combustor with an inlet compression 
ramp is carried out by using Large-eddy simulation (LES). Effects of a shock train induced by the inlet 
compression ramp on the mixing process have been investigated at three jet to cross-flow momentum 
flux ratios, J. The counter-rotating vortex pairs (CVP), promoting the mixing process of the fuel jet 
plume and mainstream air, is significantly affected by the reflected shock. The vorticity analysis is 
constructed to further understand the turbulent mixing mechanism. The shock-induced baroclinic 
torque is found to play an important role on the generation of the vorticity in the near field of the fuel 
jet, and the place where the reflected shock interacts with the jet plume. In addition, the probability 
density function (PDF) of mixture fraction is also investigated. 
Key words: Large eddy simulation, Turbulent mixing, Hydrogen jet in supersonic cross-flow, 
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1. Introduction 
Since the residence time of fuel and air is of the order of millisecond, the fast and efficient mixing 
process is the key issue in the scramjet combustor design [1]. The fuel jet in supersonic cross-flow 
(JISCF), a typical combustor structure designed for high efficient mixing and combustion in the 
scramjet engine, has been studied by many researchers [2-6]. The interactions between the fuel jet 
plume, the large-scale coherent structures and shock waves in the scramjet combustor, have significant 
effects on the mixing process and flame stabilization [7]. Therefore, it is of great importance to study 
the mixing mechanism in the JISCF combustor for the practical engineering applications and gas 
dynamics. 
 Different from the jet in low Mach number cross-flow with the mainly dependent parameter 
being of Reynolds number [8], the study of JISCF is a multi-objective variable problem, including jet 
to cross-flow momentum flux ratio, geometry, the number of the jet orifice and the jet flow angle 
[9-11]. Shock wave and compressibility have been found to have great impacts on the mixing process 
in JISCF combustor. For instances, the higher compressibility of the shear layer vortex is not conducive 
to the mixing process [12]. On the other hand, the interaction between the sudden pressure change due 
to shock wave and that of density on the interface of the light / heavy gas, such as the flow of hydrogen 
 surrounded by air, will produce vortex structures and thus enhance the mixing process [13]. Although 
the presence of shock waves leads to total pressure loss in a scramjet combustor, it has positive effects 
on the fuel/air mixing and combustion processes in a supersonic combustion [7,14-16]. Aso et al [17] 
studied the effect of the pressure ratio of jet to supersonic cross-flow on the mixing process by using 
the Schlieren photography. The bow shock, Mach disk, barrel shock and recirculation zone upstream of 
the fuel jet became larger with the increasing pressure ratio. The detailed velocity field induced by a 
sonic jet injected into a Mach 1.6 supersonic cross-flow were obtained by Santiago & Dutton 1997 [18] 
with Schlieren photography and Laser Doppler Velocimetry (LDV). Gruber, Nejadt & Chen [19] and 
Gruber et al [20] studied the penetration and mixing characteristics of the jet in supersonic cross-flow 
using two-dimensional Planar Mie-scattering techniques. The detailed characteristics of the transient 
reaction zone in the supersonic cross-flow combustor were studied by Gamba and Mungal [21] using 
OH-PLIF imaging techniques. It was found that the ignition characteristics were strongly affected by 
the jet momentum ratio, and the flame was stabilized by the recirculation zone upstream of the fuel jet. 
Mai et al. [7] studied the effects of the interaction of oblique shock and supersonic transverse jet on 
mixing and combustion process. The results show that the presence of oblique shocks has a significant 
effect on the mixing of fuel and air in the recirculation zone downstream the injection slot. Meanwhile 
the residence time of the mixture and the recirculation zone downstream of fuel jet slot increases which 
contributes to the flame stabilization. Characteristics of the mixing and combustion process in the 
supersonic transverse circular jet and rhombic jet combustion chamber were studied by Kobayashi et al. 
[22]. Rubins et al. [15] shows that ignition can occur at relatively low temperature when the shock acts 
on the shear layer, and the fuel jet is parallel to the air stream. Chaudhuri et al. [23] suggested that the 
interaction between the oblique shock wave and the mixing shear layer can increase the growth rate of 
the thickness of the mixed layer. The study of shock wave and supersonic mixing layer by Huete et al. 
[24 &25] demonstrated that shock waves can promote the ignition of supersonic mixing layers. The 
study of Nakamura et al [16] indicates that the interaction between oblique shock and the fuel jet can 
increase the extinction limit of the combustion chamber in the supersonic transverse jet. The effects of 
oblique shock waves on the mixing process in a supersonic transverse jet was studied by Huang et al. 
[26] using RANS. The boundary layer separation regions up- and down-stream of the jet orifice 
increased with the high oblique wave intensity, which promoted the mixing of fuel jet and air. However, 
the mechanism of interaction between the oblique shock wave and the transverse fuel jet, the 
promotion of the fuel/air mixing and the impact on the combustion process are still not very clear in 
JISC combustor, which motivate the current work. 
Computational fluid dynamics (CFD) plays an increasing role in the development of scramjet 
technology with the rapidly developed modern computer facility. Based on the experiments of Santiago 
[18] and Beresh [27], Chai [28] provided the instantaneous flow field structures using large eddy 
 simulation (LES). It is pointed out that the dominant oscillatory frequency of the bow shock and 
upwind side barrel shock is St = 0.3 for the sonic jet supersonic cross-flow. While for supersonic jet in 
subsonic cross-flow, the flow is dominated by the roll up of upwind side shear layer. Rana et al. [29] 
studied the averaged flow field and the instantaneous flow field structure in the Santiago & Dutton 
experiment [18], and demonstrated that the mixing in the upstream windward shear layer is mainly 
caused by Kelvin–Helmholtz (K-H) instability. Peterson & Candler [30] studied the supersonic 
transverse jet with the angle of 30° and 90° using RANS/LES methods and compared the difference in 
between the two flow fields. 
Based on the previous LES validations and studies of the mixing and combustion of the 
supersonic transverse jet by Zhao et al. [31, 32], the objective of this further study is mainly focused on 
the influence of the reflected shock on mixing performance under different jet to cross-flow momentum 
flux ratios. This article is organized as follows: in Section 2, simplified description of JISCF combustor 
is presented. Subsequently, the details of LES method including the governing equations, numerical 
aspects and boundary conditions are briefly addressed in Section 3. In Section 4, the numerical results, 
which highlight the shock-enhanced mixing process and mechanism, are presented and discussed. 
Finally, the main conclusions drawn from the results and suggestions are summarized in Section 5. 
2. Description of JISCF Combustor 
The high-enthalpy hydrogen JISCF combustor, similar to the experimental setup at Stanford 
University [33], is numerically investigated in the present study. The side-view schematic of the 
chamber is shown in Fig. 1. Inlet height of the combustor is 23 mm. The compression ramp has a 
divergence angle of 10
 o
 to generate a shock train. The injection orifice with a diameter of D = 2 mm is 
located at 70 mm downstream of the cross-flow inlet. The height of constant area section is 15 mm (h) 
in the normal y-direction with a width of 75 mm in the spanwise z-direction. The flow conditions of the 
incoming air stream and the hydrogen jet are given in Table 1. The incoming air freestream air has a 
high static temperature of Ta = 1200 K with a speed of 1908 m/s (Ma = 2.8). The jet-to-cross-flow 
momentum ratio J, defined as 𝐽 = ρjUj
2 ρ∞U∞
2⁄ , is equal to 0.7, 2.11 and 4.0, respectively, in the 
present study. The total length L in the stream-wise (x-) direction of computational domain is 170mm 
including 35D upstream and 50D downstream of the injection orifice. 
 
Fig. 1. Schematic of the combustor [32]. 
。
 3. LES Governing Equations and Numerical Aspects 
Filtering the instantaneous balance equations of mass, momentum, species mass fraction and total 
energy, the large-scale governing equations can be obtained [31], 
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where ?̅? and ?̅? are filtered density and pressure. ?̃?𝑗(𝑗=1,2,3) is the filtered velocity component. The 
filtered viscous stress tensor 𝜏?̅?𝑗 is computed by using the filtered strain rate tensor ?̃?𝑖𝑗 . 𝑌?̃? is the 
filtered mass fraction of species 𝑚 and 𝐷 is the molecular mass diffusivity. The molecular mass 
diffusivity is 𝐷 = 𝜇/𝜌𝑆𝑐 [34, 35], where 𝜇 =
𝐴𝑠√𝑇
1+
𝑇𝑠
𝑇
 is the dynamic viscosity by using Sutherland’s 
law and Sc is Schmidt number. ?̃? = ?̃? +
1
2
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2 + 𝑘𝑠𝑔𝑠 is the filtered total energy. 𝜆 is the molecular 
thermal diffusivity, 𝜆 = 𝜇𝐶𝑝 𝑃𝑟⁄ , where laminar Prandtl number 𝑃𝑟 = 0.72. The relation between 
pressure and temperature is assumed by the perfect gas state equation 
 ?̅? = ?̅?𝑅(?̃?𝑚)?̃?, (3.4) 
where 𝑅(?̃?𝑚) is the mixture gas constant. 
Various SGS closure models have been discussed in the literature [36] and the sensitivity study 
was carried by Toda et al. [37]. The sub-grid enthalpy flux 𝐻𝑠𝑔𝑠 and the sub-grid viscous work 𝜎𝑠𝑔𝑠 
in Eqs. (3.4) are closed as 
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where the sub-grid kinetic energy and viscosity are modeled by 𝑘𝑠𝑔𝑠 = 𝐶𝐼∆
2(𝑂𝑃̅̅ ̅̅ )
2
 and   𝜇𝑡 =
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2𝑂𝑃̅̅ ̅̅  respectively. In the present study, the sub-grid scale terms are closed by the WALE 
(Wall-Adapting Local Eddy-viscosity) model [38]. Molecular transport properties of the species are 
defined by constant Prandtl and Schmidt numbers. The turbulent Prandtl number is set as 𝑃𝑟𝑡 = 0.9 
and the model coefficients 𝐶𝐼 and 𝐶𝐷 are determined by a dynamic procedure [37]. The sub-grid 
 scalar stresses are approximated using an eddy-diffusivity model, which is written as, 
 𝜏?̃?
𝑠𝑔𝑠 = (?̅?𝑢𝑗𝑌?̃? − ?̅??̃?𝑗?̃?𝑚) = −?̅?𝐷?̃?𝛻?̃? (3.7) 
where ?̃?𝑡 is the turbulent diffusivity modeled as  ?̅??̃?𝑡 = 𝜇𝑡 𝑆𝑐𝑡⁄ , The turbulent Schmidt 
number is set as 𝑆𝑐𝑡 = 0.7. 
A new solver was developed and validated in our previous simulations [31, 32] based on the 
computational code of density solver in OpenFOAM [39], which was also used by other group to study 
supersonic mixing and combustion [40-44]. The convective fluxes are reconstructed using a second 
order (flux limiter-based) TVD scheme, while the viscous diffusion fluxes are implemented using the 
second order central differencing scheme. The discretization of species transport equation implemented 
in the code is the central-upwind scheme. The viscous effects are handled by solving the inviscid 
equation firstly, which is used as a predictor for the viscous solution. The time integration was 
performed by an explicit modified fourth order Runge-Kutta scheme with low storage requirement. The 
time-step is of the order of 10
-9
 with the courant number under 0.25. Each LES case is running for four 
flow-times (4L/U) to ensure the statistical stationary, where L is the axial length of computational zone 
and U is the mean velocity of air inlet. Time-averaging is performed for about six flow-times (6L/U). 
For each case, the first set of grid is refined twice at the main fuel/air interaction locations using 
the post processing code of OpenFOAM to obtain a middle and a fine grid systems, detail of which can 
be found in table 1 as well as in Ref. [31]. Furthermore, according to Pope [45], the well-established 
turbulence resolution criterion, 𝑀𝑒 =
𝑘𝑠𝑔𝑠
𝑘𝑅𝐸𝑆+𝑘𝑠𝑔𝑠
< 0.2, characterizes a well-resolved LES in which at 
least 80% of the total turbulent kinetic energy is resolved, where 𝑘𝑠𝑔𝑠 is the sub-grid turbulent kinetic 
energy and 𝑘𝑅𝐸𝑆 is the resolved turbulent kinetic energy. Fig. 2 shows the value of 𝑀𝑒 of the fine 
grid, which is computed by the data where hydrogen exists. As seen from the figure 3, the results show 
a good coherence comparing with the well-established turbulence resolution criterion, which means 
that the fine grid is able to predict the characteristics of the inertial subrange [45]. In order to ensure the 
accuracy of predictions, all the following simulations are performed by using the fine grid. 
Table 1 mesh. 
Cases Coarse (million) Middle (million) Fine (million) 
J = 0.71 4.8 7.5 14.3 
J = 2.11 4.8 11.2 19.1 
J = 4.00 4.8 12.1 26.2 
    
（a）J=0.71 （b）J=2.11 （c）J=4.00 
Fig. 2. Distribution of the turbulence resolution criterion Me of the fine grid. 
4. Results and Discussion 
4.1 Effects of Reflected Shock on the Flow Fields 
The previous studies of the non-reacting cases [31] and reacting case [32] of the high-enthalpy 
hydrogen JISCF combustor show that typical three-dimensional flow structures mainly include 
horseshoe vortex, counter rotating vortex pair, trailing counter rotating vortex pair, shear layer vortex 
and typical three-dimensional shock structures, such as Bow shock, Lambda shock, Mach disk and 
Barrel shock. Interactions between those complex shock structures and the flow structures can promote 
the mixing and increase the local temperature of gaseous in JISCF combustor. On the other hand, an 
oblique shock train is generated at the tip of the inlet compression ramp and reflected by the upper and 
lower walls. 
 
(a) 
  
(b) 
Fig. 3. (a): Mean Hydrogen Mass Fraction in Different Span-wise x-y Plane (z/D = 0, 0.25, 0.5, 0.75 & 
1) and (b): Mean Hydrogen Mass Fraction, Contours and Streamlines at x/D = 4, 8 and 10 for J = 2.11. 
Fig.3 shows the contours of the mean hydrogen mass fraction in five span-wise x-y planes, z/D = 
0, 0.25, 0.5, 0.75 & 1, respectively. The instantaneous pressure contours in terms of the solid line in the 
midspan plane (z/D = 0) illustrates the expansion fans, the shocks and reflected shock waves. It can be 
found that the hydrogen mass fraction distribution exhibits a "dislocation" phenomenon along the 
reflected shock in all the five planes, which is mainly caused by the velocity deflection due to the 
reflected shocks. It is noteworthy that large-scale CVP structures (seen as in Fig. 3 (b)) lead to the 
interesting distribution shape of hydrogen mass fraction in span-wise planes, especially the region 
marked by an epllise in the plane z/D = 0.25, in which much more crossflow air flow is entrained. 
The interactions between fuel jet plume and shock waves can enhance the mixing of the fuel jet 
with the surrounding air fluid, as noticed in ref [46]. Fig. 4 shows the mean flow field of the case J = 
2.11 on the five cross-planes, x/D = 8, 9, 10, 11, 12 & 13, which further reflect the interaction between 
the shock and hydrogen jet plume. The first column is the result of the distribution of the numerical 
schlieren (‖∇ρ̅‖), in which one can clearly observe the structures of shocks and that of the mixing 
layers due to the density difference between cross-flow air and hydrogen jet plume. The second row is 
the vorticity magnitude of average stream-wise vortex defined as ωx = 𝜕𝑣 𝜕𝑧⁄ − 𝜕𝑤 𝜕𝑦⁄ . And the 
third column is the velocity vector and distribution of the average hydrogen mass fraction. In addition, 
the position of the reflected oblique shock shown in the first column is marked by a solid line in the 
second column to better understand the interaction between the oblique shock and hydrogen jet plume. 
The outer moving shocks can be clearly observed in the first column, which is induced by the 
high-pressure zone between the jet plume and the bottom wall. Combined the first and third columns, 
this high-pressure zone produces a strong ascending velocity and drives air into the jet plume core to 
increase penetration of the jet plume boundary in the span wise direction, and the outer moving shocks 
move to the both sides with the increasing of the TCVP [47]. It should be noted that the thickness of 
the shock wave in the average field is relatively large, which can be mainly due to the unsteady 
characteristics of the shock wave in the flow field. With an increasing downstream distance (x/D), the 
CVP in the second column is being deformed to approach each other due to the moving down of the 
 reflected shock. The boundary layer in the TCVP region is strongly separated and two pairs of 
counter-rotating vortices are formed as shown in the second column. The distribution of the flow field 
can be clearly observed from the average velocity vector under the influence of the reflected oblique 
shock. Most of the velocity vector in the hydrogen jet plume are in the state of rising on the cross 
section due to the air entrainment by CVP when the oblique shock does not reach the surface of 
hydrogen jet plume at locations x/D = 8 and 9. At the same time on the upper side of the reflected 
oblique shock, the direction of the velocity in the cross-planes is downward due to the reflected oblique 
shock. On the cross-planes x/D=10, 11, 12 and 13, where the reflected oblique shock reaches the jet 
plume surface and passes through the jet plume, the direction of entrained air driven by the ascending 
velocity is changed near the reflected oblique shock due to the strong discontinuous of the shocks. A 
region dominated by the cross-flow air is formed in the jet plume, and thus promotes the mixing of the 
fuel jet and air. The downward flow will then drive the air into the hydrogen jet plume to further 
promote the mixing process. In fact, the R-M instability occurs when the shock waves interact with the 
interfaces of two different fluid [48, 49]. Moreover, the boundary layer of the hydrogen jet plume in the 
span-wise is widened due to the interaction of shocks and the hydrogen jet plume. 
 
 
 
  
 
 
Fig. 4. Information of mean flow field at different cross-planes (x/D = 8, 9, 10, 11, 12 &13) of J = 2.11.  
Since the penetration depth in the span-wise direction is particularly important for the studied 
JISCF combustor due to the upper wall, two length scales are used to characterize the hydrogen jet 
penetration depth, the distance between the vertex core of CVP in the span-wise (z) direction and the 
distance from the CVP core to the bottom wall in a cross section [50]. Fig. 5 illustrates the 
non-dimensional jet penetration depth, y/D and z/D, which represents half of the distance between the 
vertex core of CVP in the span-wise (z) direction, along the streamwise direction of the three cases. 
The penetration depth y/D is found to be high with the increasing of the jet to cross-flow momentum 
flux ratio J in the near field (x/D<12), which agrees well with that in Wang et al. [50]. The penetration 
depth z/D of the cases J = 2.11 and 4.00 will not increase downstream of the location x/D = 12 due to 
the influence of the upper wall. In the relative far field, 8 < x/D < 15, there is little change on the 
penetration depth in the span-wise direction for J = 4.11; while for J = 0.71 and 2.11, the penetration 
depth z/D stays near the same between x/D of 3 and 20. In the near field, there is a peak value of the 
penetration depth z/D for each case due to the interaction of the sonic hydrogen jet and the supersonic 
cross-flow. In addition, due to the interaction between the reflected shock, the jet plume and the bottom 
wall, the penetration depth z/D is found to increase further downstream of location at x/D = 20. 
Therefore, the reflected shock can increase the distance between the core positions of counter-rotating 
vortex pair, which enables more mainstream air into the fuel jet plume. 
  
Fig. 5. Penetration in the span-wise and normal directions characterized by the core position of the 
CVP.  
4.2 Vorticity analysis 
It is generally believed that stream-wise vortex can help promoting the entrainment and mixing 
process of the fuel and incoming air in a scramjet combustion chamber [51-53]. The circulation of 
stream-wise vortex of mean flow field in a cross section is defined as follows [54]: 
where 𝑢, 𝑣 and 𝑤 are the mean velocity components in the stream-wise, wall normal and span-wise 
directions respectively. Fig. 6(a) shows the circulation 𝜏  versues x/D of the three cases. The 
circulation 𝜏 is small upstream of the fuel jet orifice for all the three cases, which is related to the 
horseshoe vortex dominated by the span-wise vortex strength. The sonic jet encounters the supersonic 
cross-flow in the near field where the complex vortex structures, such as the hovering vortex, CVP and 
vortex generated by the baroclinic torque[55], are produced, and resulting in the first peak marked as 
P1 at about x/D=1.5. The larger jet to cross-flow momentum flux ratio J, the larger 𝜏, which indicates 
that increasing the ratio J can strengthen the stream-wise vortex downstream the fuel jet orifice leading 
to the promotion of the air entrainment and the mixing process [51, 52]. This may be due to the higher 
baroclinic vortices generated by the higher jet to cross-flow momentum flux ratio [56, 57]. In addition, 
there are multiple peaks of the circulation 𝜏 for all the three cases shown in Fig. 6(a). The peak 
marked as P2 is associated with shocks after the Mach disk, which is significantly affected by the ratio 
J. However, it should be noted that P2 was not found for the case J=0.71 due to the weak Mach disk 
under lower J. The peak marked as P3 is linked to the reflected oblique shock wave marked as R1 
shown in Fig. 6(b). Although P3 is not obvious for cases J= 0.71 and 2.11, the circulations of the 
stream-wise vortex are enhanced. The peak marked as P4（where the position of P4 for case J=0.71 is a 
little downstream of the similar position for the other two cases due to the weaker bow shock as seen in 
 𝜏(𝑥) = ∬ |
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−
𝜕𝑤
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| 𝜌𝑢𝑑𝑦𝑑𝑧
 
𝑦𝑧
, (4.6) 
 Fig. 6(b) of the circulation of the stream-wise vortex is at about x/D = 20, where the reflected shock 
(R2 shown in Fig. 6(b)) interacts with the fuel jet plume and the bottom wall. 
 
 
(a) Evolution of the averaged circulation of the stream-wise vortex 𝜏 versues x/D. 
 
(b) Mean pressure distributions and contours in the central plane (z/D = 0). 
Fig. 6. Evolution of the averaged circulation of the stream-wise vortex (a) and mean pressure 
distributions and contours in the central plane (z/D = 0) (b). 
The vorticity transport equation is expressed as [58]: 
where, the terms from 2 to 6 on the right hand represent the inertial convective, vortex stretching, 
dilatational (or compressible), baroclinic and diffusion terms, respectively. It can be found that the 
vortex stretching and baroclinic terms not only change the magnitude but also the direction of the 
vorticity. On the other hand, the dilatational and baroclinic terms have significant effects on flow 
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(4.7) 
 structures in the supersonic flow. 
The contours of vorticity magnitude in the central plane (z/D = 0) of the three cases are shown in 
Fig. 7. The unit of vorticity is s
-1
, and the order of its magnitude is 10
7 
Hz, so the mixing time should be 
10
-7
 s. There exist strong vortex structures in the upstream recirculation zone of the jet nozzle and in 
the upwind and leeward jet shear layers. 
 
 
 
Fig. 7. Vorticity distributions in the central plane (z/D = 0) with J = 0.71, 2.11 & 4.0 from top to 
bottom. 
To strengthen the fuel-oxidant mixing in the scramjet combustor, some researchers [59, 60& 61] 
proposed the concept of shock-induced vorticity. A simple method for generating the stream-wise 
vortex is to induce the baroclinic term (5) by means of shock waves. The mechanism of the vorticity 
generation by the baroclinic term can be simply expressed by the vorticity transport equation: 
Vorticity is generated when the pressure gradient is not parallel to the density gradient. Considering the 
existence of a series of reflected shocks in the present JISCF combustor, the effects of baroclinic term 
are much more important on mixing in supersonic combustion [62]. 
Fig. 8 depicts the distributions of the magnitude of baroclinic term (log10 |
1
𝜌2
𝛻𝜌 × 𝛻𝑝|) in the 
central plane (z/D = 0) of the three-different jet to cross-flow momentum flux ratios. There are two 
regions with the larger magnitude of baroclinic term: the windward side shear layer just downstream 
the bow shock and the one just downstream the junction of the oblique shock waves and the fuel jet 
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 plume. The fluid is compressed with a high-pressure gradient 𝛻𝑝 when passing through the oblique 
shock. The hydrogen jet and the supersonic air flow have a large density difference which leads to a 
high density gradient 𝛻𝜌 at the shear layer. Fig. 9(a) shows the magnitude of baroclinic term 
|
1
𝜌2
𝛻𝜌 × 𝛻𝑝| versues y/D at different stream-wise positions (x/D = 10, 11, 12 & 13) in the central 
plane (z/D = 0). High peak magnitude of baroclinic term is different for each case and is located in the 
place where the oblique shock interacts with jet plume. It is further proved that the baroclinic term, due 
to the interaction between the oblique shock and the jet plume, has a significant effect on the vorticity 
generation. Fig. 9(b) provides the distributions of the baroclinic term along the stream-wise direction at 
different normal positions (y/D = 0.25, 0.5, 1 & 2) in the central plane (z/D = 0). The baroclinic term in 
the shear layer after the bow shock is significantly higher than that in the oblique shock and jet plume 
interaction regions. Moreover, there also exists high baroclinic term on leeward sides of the jet in the 
downstream due to the outward moving shock. 
The normalized baroclinic source term are defined as [63]: 
where 𝜌∞ and 𝑝∞ are the cross-flow inlet density and pressure. Fig. 10 shows the normalized 
baroclinic source 𝐵𝑆 of the mean flow field in the y–z plane. It can be found that the increase of the 
average circulation of the stream-wise vortex arises after the increase of baroclinic source in 
conjunction with Fig. 6(a). The highest circulation in the near field is due to the highest intensity of 
baroclinic source. The second distinguishable peak noted as P4 of the circulation of the stream-wise 
vortex at about x/D = 20 is due to the baroclinic torque just before x/D =20, as seen in Fig. 10. In 
addition, a peak baroclinic source is found at x/D = 12, after which a peak of circulation of stream-wise 
vortex is found at x/D = 14 for J = 4.00, as seen in Fig. 6(a). Studies of Lee et al. [57] suggested that 
there are time delays between the changes of baroclinic source and the changes of vortex circulation. 
Hence, complex vortex structures generated by the interaction between oblique shock and fuel jet 
plume in the supersonic combustion chamber are due to the shock-induced baroclinic torque. 
According to the vorticity transport equation, the dilatational term (4) also has significant effect on 
the vorticity generation in addition to the baroclinic term in compressible flow. There is relatively high 
value at the interface of the fuel jet plume and the supersonic incoming air flow in the near field. Thus, 
the dilatational term   ω v  can promote vorticity generation and mixing process. Fig. 11 
illustrates the distributions of the dilatational term (log10 |   ω v |) in the central plane z/D = 0 of 
the three jet to cross-flow momentum flux ratios. Note that the intensity of the dilatational term after 
the shock wave is strengthened; and the dilatational term caused by these shock waves can promote the 
generation of vortices and the mixing process of fuel and oxidant. There are highly baroclinic term and 
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1
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 dilatational term in the leeward side of the jet plume and leeward side of the shear layer. The two main 
items in the vorticity equation are mainly caused by the Mach disk, barrel shock and wake shock, 
resulting in a high vorticity generation in the leeward side of the jet plume and leeward side shear layer 
as shown in Fig. 7. 
The vorticity stretching term (3) is relatively large in the subsonic recirculation zone, that the 
vorticity produced by the baroclinic term and diffusion term is transported to upstream region. The 
formation of the horseshoe vortex is relevant to this transportation. The viscous-related vorticity source 
term is on the order of magnitude smaller than those terms mentioned above [64]. 
In general, the compressibility, vortex stretching and baroclinic terms are all important, and with 
the same order of magnitude in the supersonic flow. They all affect the vorticity generation in the same 
way, however at different locations for the fuel and oxidant mixing process. 
 
 
 
Fig. 8. Distributions of the baroclinic term (log10 |
1
𝜌2
𝛻𝜌 × 𝛻𝑝|) in the central plane (z/D = 0) with J = 
0.71, 2.11 & 4.0. 
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(b) 
Fig. 9. The distributions of baroclinic term, (a) along the normal direction at different stream-wise 
positions and (b) along the stream-wise direction at different normal positions in the central plane (z/D 
= 0). 
 
Fig. 10. The normalized baroclinic source of the mean flow field in y–z plane.  
 
 
 
  
Fig. 11. The dilatational term (log10|−𝜔(𝛻 ∙ 𝑣)|) distributions in the central plane (z/D = 0) with J = 
0.71, 2.11 & 4.0. 
4.3 Probability Density Function of Mixture Fraction 
Considering the spatial-temporal quantity, Fig. 12(a) provides the probability density function 
(PDF) of mixture fraction in different streamwise planes. All curves demonstrate a large portion of 
unmixed cross-flow air at Z = 0 and little unmixed hydrogen jet at Z = 1, where the dotted line 
represents the stoichiometric mixture corresponding to the mixture fraction Zst =0.0283. In the near 
field x/D = 4, the hydrogen jet core starts mixing at the lower momentum flux ratio J = 0.71; while for 
other two momentum flux ratios the hydrogen jet cores are still unmixed. It is very important for fuel 
jet mixing that the cross-flow air is entrained into the fuel jet plume with the influence of CVP. 
Although the larger CVP is observed downstream of the jet in the higher jet to cross-flow momentum 
flux ratio, interaction between the wall and the CVP is much stronger in the relatively low J and the 
entrainment of cross-flow air is more intense. It can well be seen that both the shape and peak position 
of the distributions are influenced by J. Except from that, the PDF of hydrogen fraction is higher in the 
near filed but lower in the far field for J = 4.00, which indicates that the mixing is not only influenced 
by the size of CVP but also the interaction between the wall and CVP. 
 
 
(a)  
 
 (b) 
Fig. 12. Probability density function of mixture fraction in the stream-wise plane (a) and at three 
specific locations for each case (b). 
In order to study the mixing characteristics at a particular location, Fig. 12(b) shows the 
probability density function of mixture fraction at three specific locations. The three detection points C、
D and E are all in central plane z/D=0, with coordinate values x/D = 10, 18 & 30, respectively for all 
the three ratios J, while coordinate value y/D are set to be 1, 2, 3 for J = 0.71, 2.11, 4.00 for the three 
detection points respectively, corresponding to the region before oblique shock wave, after oblique 
shock wave and in the far field. All data records start from the statistical state, about three flow-through 
time (L/Uc). It can be found that the mixture fraction is close to Z = 1 at the position of x/D =10, 
indicating that the evolution of jet is dominated by large scale motion before the oblique shock wave. 
In the position of x/D = 18 after the oblique shock, the probability density distributions of the sample 
points are relatively uniform. The multi-scale inhomogeneity of the jet plume indicates the unsteady 
characteristics of the large-scale structures and the broken process while passing though the oblique 
shock wave. The coexistence and interactions of multi-scale structures promote the mixing process of 
the jet plume and the surrounding air flow. At the far field x/D = 30, the probability density 
distributions of the mixture fraction are mainly concentrated near Z = 0, indicating uniformity and 
small scale of mixing in the far field. 
5. Conclusion 
In the present work, large-eddy simulation of shock-enhanced mixing in a transverse hydrogen 
injection combustor with an inlet compression ramp is conducted to investigate the mixing process and 
mechanism. The main conclusions are summarized as follows. 
Effects of a shock train induced by the inlet compression ramp have a significant impact on the 
mixing process. The strong discontinuous of the oblique shock wave changes the direction of the 
velocity in the cross-planes flow and a region dominated by the cross-flow is created in the jet plume, 
which promotes the mixing of the fuel jet and air. 
The results of vorticity analysis demonstrates that the shock-induced baroclinic torque plays an 
important role on the generation of the vorticity in the near field of the jets and the place where the 
reflected shock interacting with the jet plume. 
The probability density function of the mixture fraction suggests that the coexistence and 
interaction of the multi-scale structures, after the oblique shock wave, promote the mixing process of 
the jet plume and the surrounding air flow. 
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